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We propose an efficient technique for the implementation of a geometric phase gate in a 
decoherence-free subspace with trapped ions. In this scheme, the quantum information is encoded 
in the Zeeman sublevels of the ground state and two physical qubits are used to make up one logical 
qubit with ultra long coherence time. The physical realization of a geometric phase gate between 
two logic qubits is performed with four ions in a linear crystal simultaneously interacting with single 
laser beam. We investigate in detail the robustness of the scheme with respect to the right choice of 
the trap frequency and provide a detailed analysis of error sources, taking into account the experi- 
mental conditions. Furthermore, possible applications for the generation of cluster states for larger 
numbers of ions within the decoherence-free subspace are presented. 
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I. INTRODUCTION 



Trapped ions are among the most promising physical 
systems for implementing quantum information due to 
the long coherence time [l]. The robust quantum mem- 
ory is a crucial part of the realization of an ion trap 
based quantum computer [2 . One can clearly distin- 
guish between two possibilities for encoding a qubit in a 
trapped ion: First, one can use a long lived metastable 
state and drive coherent transitions on the correspond- 
ing optical transition [3 , which sets very challenging re- 
quirements on the laser source and ultimately limits the 
coherence time to the lifetime of the metastable state. 
Second, a qubit can be encoded in sublevels of the elec- 
tronic ground state. It can be encoded either in hyperfine 
ground state levels [4 or Zeeman ground states [5j and 
the coherent manipulations are performed by means of 
stimulated Raman transitions. For hyperfine levels, so 
called clock states can be used whose energy difference 
exhibits very small Zeeman shift. The quantum informa- 
tion is therefore retained in the presence of magnetic field 
fluctuations [W. An elegant alternative to improve the 
stability of the qubits is encoding two physical Zeeman 
qubits in one logical qubit and use the decoherence-free 
subspace (DFS) [71 El [9] of odd Bell states as the com- 
putational basis: |0) = |t|) and |1) = | jj). As the basis 
states have equal components from both spin levels, a 
magnetic field fluctuation will add no extra phase to any 
superposition a I Ti)+/5| it) of these states. With current 
available technology, entangled states between two ions 
with a coherence time of up to 20 s and single qubit oper- 
ations in DFS have been demonstrated [TOl [11] . Univer- 
sal set of single and two qubit operations between logical 
qubits has been performed [12 . The necessary overhead 
to handle two ions is negligible compared to the efforts 
that would be needed to implement error correction [13] . 
Segmented micro ion traps [14, 15, 16 pave the way to 
operations with a large number of ions. The remaining 
challenge is therefore to find a simple scheme to carry 




FIG. 1: (Color online) a) The state-dependent force is created 
by two laser beams with frequency difference Up-l-S, and non- 
zero wavevector difference Ak along the trap axis. Here ujp is 
the vibrational frequency with p = 1 ... 4 and 6 is detuning. 
As an example we show the gate implementation mediated by 
the third vibrational mode (Egyptian mode), b) Level scheme 
of a ^"^Ca^. The qubit is encoded in the Zeeman sublevels 
\mj = -1/2) = li) and \mj = 1/2) = |T) of the S1/2 ground 
state. Here gsi,a is the single Rabi frequency of the coupling 
between the ground states Si =i, t and the excited state of 
the ith ion, associated with each beam (a = 1, 2). 



out two-qubit gates between two logical qubits without 
leaving DFS at any time of the gate operation. 

In this paper we propose a physical implementation of 
a geometric phase gate between two logical qubits with 
trapped ions. The geometric phase gate is based on state- 
dependent light force and has successfully been used to 
entangle hyperfine [TTl |18| , optical [191 EO] and spin [21j 
qubits. In our proposal, we do not need to individually 
address the ion crystal with laser beams at specific posi- 
tions which would be technically demanding but illumi- 
nate the ions uniformly with laser frequency difference 
close to one of the vibrational modes. This ensures a 
high fidelity of our scheme as compared to other meth- 
ods [12]. The laser- ion interaction gives rise to a spin- 
dependent force, displacing the motional state of the ion 
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string depending of the internal qubit states of the ions. 
The spin-dependent force appears due to the differential 
Stark shift of the spin states. By proper adjustment of 
the trap frequency the force cancels for two of the logical 
qubit states and acts only on the remaining two logical 
states. For one cycle in phase space the motional state 
returns to the origin while the spin states acquire a non- 
zero geometric phase. The effect of the spin-dependent 
force therefore is a state-dependent geometric phase gate 
between two logical qubits. The geometric phase gate 
and single-qubit rotations on the DFS then generate a 
universal set of quantum gates. The technique is also 
suitable for creation of highly entangled cluster states, 
which are the major resource for the one-way quantum 
computer [22] . 

We shall specify the derivation for the gate implemen- 
tation mediated by the third {Egyptian^ in brief E-mode) 
vibrational mode and compare the gate fidelity to other 
vibrational modes. For the E-mode, the laser-ion cou- 
plings are equal in magnitude for all four ions, but differ- 
ent in phase for the middle two ions. Fig. [l^. The DFS 
gate mediated by the E-mode has a advantage due to a 
reduction of the off-resonant transitions. 

The present paper is organized as follows: Sec. [TI|de- 
scribes the implementation of the decoherence-free sub- 
space gate between two logical qubits using a spin- 
dependent force. In Sec. [ni] we show that the gate is 



suitable for the creation of the four linear cluster state 



without leaving the DFS. In Sec. IV we analyze several 
error sources relevant to an experimental implementation 
of our method. Finally, in Sec. |V|we give a summary of 
the results. 



II. STATE-DEPENDENT FORCE 



We consider a linear crystal of four ions confined in 
a linear Paul trap. The qubit is encoded in the Zee- 
man ground states levels |t) = {mj = 1/2) and ||) = 
\mj = — 1/2) of the S1/2 ground state of the ion [5]. 
The linear ion crystal simultaneously interacts with two 
non-copropagating laser beams with frequency difference 
ujp -\- where cOp = ^/j^oOz [23 is the frequency of vi- 
bration of the ion crystal, with cj^ being the axial trap 
frequency and S is the detuning from the vibrational fre- 
quency {cOp ^ \S\). In contrast to the center-of-mass 
mode, the higher energy vibrational modes are less sen- 
sitive to the heating due to fluctuating ambient electric 
field because it requires short-wavelength components of 
the field to heat it [24 . The laser is detuned from the 
Si/2 ^Pi/2 transition with large detuning A and cou- 
ples only the vibrational levels for each of the spin states 
according to Fig. ^p. The interaction Hamiltonian for a 
string of four ions simultaneously interacting with a sin- 
gle laser pulse in the Lamb-Dicke limit and rotating wave 
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FIG. 2: (Color online). Absolute values of the spin-dependent 
forces Fi = F^f]^^ = F^f^-^ (dashed) and F2 = F^f-^^ = F^l\-^ 
(dotted), Eq. (|2| as a function of the length scale parameter 
/ for a gate mediated by the E-mode. Here we assume that 
= —Q^. The forces Fi vanishes for AM = 27vn/{u4 — U2), 
with n integer. At the same points the forces and 
(solid) for the center of mass mode (in brief cm) are zero, as 
indicated by the arrows. 



approximation is given by 



Hiit) 



E (^if^-.^- 



Zpe'^^a}j \si) {si 



(1) 

Here d and d^ are the creation and annihilation operators 
of phonons in the pth vibrational mode, Zp = y^h/2Muj^ 
is the spread of the ground state wavepacket for the 
respective vibrational mode, M is the ion mass and 
Si = {51,52,53,54} runs over all spin configurations of 
the four ions. For the E-mode {cos = a/S.SIcj^ ) the first 
and fourth ions oscillate out of phase and with equal am- 
plitudes with the second and third ions. Fig. [l^. The 
magnitude of the laser-ion coupling is the same for all 
four ions, but opposite in sign with respect to the middle 
two ions. The absolute static AC- Stark shift of the ener- 
gies of the qubit states is gives by {gs^^af /A^ where gs^^a 
{a = 1,2) is the single Rabi frequency. Fig. fit). This 
shift is generally different for the qubit states^ t) ^ind 
II), however it can be equalized by proper choice of the 
laser polarizations. Then we have only a spatiotempo- 
rally varying differential shift = i9si,2/A which 
gives rise to the spin dependent force. The force on the 
collective spin states due to differential Stark shift for the 
E-mode is given by 



i?(3) 

<5l ,S2 ,83,84 



HAk 



(2) 

where A/c is the laser wave vector difference along the 
trap axis. The position-dependent phase is equal to 
= Akz^ — A(j)^ where z^ = lui with Ui is the di- 
mensionless equilibrium position of the zth ion and = 
Z'^e^ / AticqMuoI is the length scale parameter. is the 
phase difference between the driving fields. The unitary 
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FIG. 3: (Color online), a) When the spins of middle two ions 
are aligned in opposite direction the force cancels, b) If and 
only if the middle two spins are aligned in the same direction 
up (down) the force pushes the ions in different direction. 
After one cycle in the phase space the spin states acquire 
non-zero geometric phase. The dashed box shows one logical 
qubit state which is invariant under the effect of collective 
dephasing. The effect of the spin-dependent displacement is 
the geometric phase gate between two-logical qubits. 
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FIG. 4: (Color online). The part of the infidelity 1 - F due 
to the off-resonant transitions as a function of St. The string 
of four ions is simultaneously addressed with laser fields with 
frequency close respectively to the breathing mode (dotted), 
E-mode (dashed), and fourth mode (solid). The Rabi fre- 
quencies and the axial trap frequencies are listed in Table [l] 



operator for the Hamiltonian ([T]) is given by 
Uo(t) = n^K)e'*=s 

Si 

where 

D (asj = exp [{as,d^ - c^sA)] |si) (s^l 
is the state-dependent displacement operator with 

as. = (e-*^* - 1) F^fhs/hS. 
The state-dependent geometric phase 



hence the off-resonant excitations of this mode cancels. 
During the time evolution the motional state moves along 
a circular path in phase space and returns to the origin 
(3) after time Tg = 27r/^, while the spin states acquire ge- 



<|)g. = (^St - sin St) 



Z3 



(4) 
(5) 

(6) 



appears due to non-commutativity of the interaction 
Hamiltonian at different times. We project the unitary 
operator ([3| into the DFS under consideration: {ItiTi), 
liTTi), iTiiT), liTiT)}- These states are immune to col- 
lective dephasing caused by magnetic field fluctuations. 
We adjust the trap potential such that 



Ak {zl 
Ak {zl 



Ak {z^ 
Ak {z^ 



2n7r, 
2n7r, 



(7) 



where n is integer. This optimizes the motional coupling 
to the E-mode as can be seen from Eq. ([2). In Fig. 
[2] we plot the spin-dependent forces for the E-mode as 
a function of the length scale parameter /. The spin- 
oscillate as a function 
27rn/(iX4 — 'U2), while the 



dependent forces and J 

of Akl and vanishes for Akl 



.(3) 



forces ^lili and displace the motional state in op- 

posite directions. At the same point two of the spin- 
dependent forces for the center-of-mass mode are zero, 



ometric phases = 27r 



/ \ hS\ . In this case 



the force displaces the ions if the spins of the middle two 
ions are aligned in the same direction and cancel if the 
spins are opposite. Fig. [3j After time Tg the states for 
which the force is not cancel acquire geometric phases 
<l>im = ^tm- By proper choice of the Rabi frequencies 
and one can adjust the geometric phases equal to 
7r/2 and the action of the gate onto the DFS states is 
given by 



inn) 

UTTi) 

inn) 
unn 



inn), 
iinn), 
iiTin), 
unn- 



(8) 



The DFS gate ([8]) is equivalent to the controlled-phase 
gate between two logical decoherence-free qubits. Hence, 
the unitary evolution transforms any superposition of the 
states belonging to the DFS into another superposition 
of those states. 



III. CREATION OF A LINEAR CLUSTER 
STATE 

Cluster states are highly entangled states, which are 
a major source of the one-way quantum computer [22] . 
Cluster states have been experimentally demonstrated 
with atoms in optical lattice [26 and with photons [27] , 
Multi-qubit cluster states have yet not been created 
with trapped ions. An ion-trap architecture for high- 
speed measurement-based quantum computer was pro- 
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TABLE L The values of the axial trap frequency ujz and the 
Rabi frequency Q required for implementation of the DPS gate 
for three different vibrational modes. The infidelity due to 
the excitation of the off-resonant transitions is also presented. 
The frequency plateaus, where the minimum gate fidelity is 
99% are hsted. 



Mode 


Breathing 


E-mode 


Fourth 


Uz/2ti (MHz) 


2.86 


2.82 


2.68 


Q/27r (kHz) 


119.64 


130.62 


130.47 


Infidelity 


8.1 X 10"^ 


1.8 X 10"^ 


7.7 X 10-^ 


Acj^/27r (kHz) 


53 


65 


92 



FIG. 5: (Color onhne). Evolution of the fidelity F Eq. ([l4 
as a function of the axial trap frequency Uz for a gate Eq. 
mediated by the E-mode. 



posed [28]. Ref. [29] proposed an efficient technique for 
creation of four, five, and six qubit linear cluster states 
by collective bichromatic interaction, while in [30] cre- 
ation of two-dimensional cluster state was suggested by 
using a spin-spin coupling induced by a magnetic-field 
gradient. Here, we propose the creation of four linear 
cluster state, without leaving the DFS. Indeed, if the 
gate ([8| is applied onto the decoherence-free initial state 
1^^^) = |5i^2) 1^3,4), which is a product of two Bell states 
= (I Tiii) + I iiTj))/V2, then after Tg the state is 
transformed into the state 

l*c) = (ITiU) + i ITiiT) + i mi) + UTiT))/2. (9) 

The final state is highly entangled four qubit cluster 
state. Since the spin states are not mixed due to the 
unitary evolution (|3| , the initial state is transformed into 
the final cluster state without leaving the DFS. Combin- 
ing the ion trap architecture large cluster states can be 
created by fusing several four linear cluster states with 
the DFS gate. 



IV. OFF-RESONANT TRANSITIONS AND 
ROBUSTNESS 

During the time evolution the other vibrational modes 
are off-resonantly excited if there is a non-vanishing 
coupling strength. For general coupling strengths and 
5p = uop — — 5^ the displacement and geometric phase 
associated with the pth vibrational mode is given by 



pip) 



[5pt — sin {5pt)\ . 



(10) 



are fixed such that the geometric phase gate condition is 
fulfilled, Tg = 27r/5s^ one obtains 



J- Si 

hSp 
pip) 



An appropriate measure of the gate fidelity is given by 



(12) 



where A/" = 4 is the dimension of the DFS and z, j each 
run over all spin configurations belongs to DFS. Uq is the 
desired unitary transform given by Eq. [s] and fj is the 
actual one. Neither tl^ nor tl is mixing the spin states. 
The action of U on any basis state is simply given by 



|S^) = |s,)|0i020304) 



^^^^ 



Si) 



(13) 

Assuming all vibrational modes in the vacuum prior to 
the gate operation, the fidelity can then be straightfor- 
wardly evaluated under consideration of the matrix ele- 
ment (0|a) = e~l"l Hence, we obtain for the fidelity 
at time t 



EH' 



(14) 



If now the absolute force magnitude and the final time 



As an example of qubit we consider the ^^Ca+ ion with 
qubit states encoded in the Zeeman sublevels of S1/2 
state. The two-photon Raman transition is driven by 
laser field with a wave length of A ~ 397 nm and wave 
vector difference along the trap axis with A/c = 2>/27r/A. 
In order to cancel spin forces F\i\i and Fi\i\-, Eq. ^\ 
we choose n = 15. The Rabi frequencies are = — flj^ 
with gate time Tg = 25 /is and laser detuning (5 = 27r x 40 
kHz. Table I lists the values of the axial trap frequency ujz 
and the Rabi frequency Q needed for the synthesis of the 
DFS gate for the three different vibrational modes. Also 
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FIG. 6: (Color online). Infidelity as a function of the de- 
viation e of the Rabi frequencies defined as ^{si} (t) = 
Qjs^T.(l +s) for the implementation of the decoherence-free 



gate (18} mediated by the E-mode. 



we compare the minimum gate infidelity 1 — F mediated 
by different vibrational modes due to the off-resonant 
transitions, (see, Fig. |4|. Even for one cycle in phase 
space STg = 27r the infidelity for the E-mode is smallest 
since the off-resonant transitions to the center-of mass 
mode for spin states tilt and itti vanishes. In experi- 
ments, one may simply ground state cool the E-mode, but 
leave the other modes with Doppler cooling and a thermal 
state. The fidelity is obtained by using the overlap inte- 
grals of displaced Fock states = e~l"l /^L^dap) 
with the Laguerre polynomials Ln{x). Assuming average 
number of phonons n = 1.3, the infidelity due to the off- 
resonant transition for a gate mediated by the E-mode 
reaches 6.1 x 10~^. 

In Fig. [5] we show the fidelity (14) as a function 
of the axial trap frequency uOz for fixed gate time Tg. 
The Rabi frequency is chosen such that the condition 
^itti — ^TiiT = 7r/2 is fulfilled. The frequency plateaus, 
where the minimum fidelity is better than 99% for the 
gate implementation mediated by the different vibra- 
tional modes are listed in Table [H 

Additionally, the proposed gate scheme shows a re- 
markable robustness against laser intensity fluctuations. 
As both laser beams are derived from the same laser 
source, we assume that the intensity fluctuations are 



common. The corresponding Rabi frequencies fluctuate 
therefore simultaneously for all ions. As a result, we ob- 
serve that the fidelity only decrease quadratically with 
the fluctuations, see Fig. [6j 

The motional decoherence of the vibrational motion of 
the trapped ions is the most serious limiting factor in 
ion trap quantum information processing. In order to 
achieve high fidelity the gate time Tg required for the 
implementation of DFS gate ([8| must be much shorter 
than the heating time r. The measured heating time of 
the center of mass mode for ^^Ca+ ion in a segmented 
micro- ion traps [5] is 3.3 ms. The heating time for higher 
energy modes is expected to be even longer. Hence the 
gate time is more than two order of magnitude faster 
than the heating time such that the fidelity of the gate 
is not affected. 



V. CONCLUSION 

In conclusion we proposed a simple and robust tech- 
nique for the construction of a decoherence-free con- 
trolled phase gate between two logical qubits. We studied 
in detail the fidelity of the gate implementation taking 
into account various error sources such as off-resonant 
transitions, laser fluctuations, and the deviation of the 
right choice of the axial trap frequency existing in an ex- 
periment. We have compared the error sources for a gate 
mediated by three different modes, and we have shown 
that the gate mediated by the Egyptian mode optimizes 
the off-resonant transitions. Our scheme includes the cre- 
ation of a linear cluster state within a decoherence free 
subspace manifold of four qubits - a starting point for 
decoherence-free ion trap one way quantum computing. 
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